The resolution of many real-word problems needs calculations and many calculations pass by basic arithmetical operations. This paper shows that in fuzzy mathematics, L-R fuzzy arithmetic, rarely used in the resolution of such problems, plays an important role if it is widened to secant approximations. By the help of a numerical example, the study shows that this arithmetic conducts to the same results than those obtained by the most used and well known alpha-cut and interval arithmetic.
Introduction
Fuzzy arithmetic is one of topics intensely studied in fuzzy mathematics. The original and general approach of this subject has been introduced by Zadeh [15] through the extension principle. Unfortunately, arithmetical operations from this principle do not offer a practical method of implementation [7] . That is why three practical approaches were proposed later on.
The first, belonging to Dubois and Prade introduced fuzzy arithmetic by the concept of L-R fuzzy numbers for which, membership functions are split into two curves and expressed using parameterized shape functions L and R (see [3] , [4] ).
The second approach, studied by Hanss, investigated this subject through the concept of discretized fuzzy numbers [6] , [8] .
The last, developed by Kaufmann and Gupta [9] refers to the concept of decomposed fuzzy numbers and reduces the study to intervals arithmetic introduced long ago by Moore [10] . Among these approaches, the first is the easier but it has not been considered in solving of real-word problems because of some inconveniences such as :
⋄ Elementary operations are not defined everywhere in the set of L-R fuzzy numbers, they are closed for the sum and the difference, and open for the product and the quotient [5] .
⋄ Arithmetical operations are possible only between L-R fuzzy numbers having the same L-R type.
⋄ Elementary arithmetical operations are not defined for a fuzzy zero (fuzzy number whose the support contains 0).
Due to the preceding inconveniences, Hanss concluded in [7] p. 61 that the Dubois and Prade's approach is ill-suited for practical implementations. This fact would justify why L-R fuzzy arithmetic has been rarely applied in the resolution of real-word problems with high complexity.
The present study admits all developments dealt with on L-R fuzzy arithmetic till now, and shows that in some real-word problems, this arithmetic could play the equivalent role than " α-cut and interval arithmetic ", the most used in this context. To accomplish that, the paper strives to widen the Dubois and Prade's study to secant approximations, which always results in exact modal values, exact supports and approximate membership functions [13] . Let us remark that the main idea which would conducted some researchers to neglect this approach would be based on the fact that a fuzzy number is considered as a function (membership function). This point of view is purely mathematical; but in many real cases, fuzzy numbers are often expressed by linguistic terms (very high, high, middle, low, ... ), imprecise real numbers (around 6, ...), real intervals (between 4 and 8, ...) etc. Logically, in such cases, it is normal to express the results in the same manner. Considering this way, the resort to secant approximations qualified by Hanss as the good in [7] can permit to perform complex arithmetical operations. According to the nature of these approximations, results will always possess exact modes, exact supports and can be normally interpreted in linguistic terms using real intervals. Such a reasoning can take place only if we develop secant approximations for a quotient, which have not been developed in the literature (see [5] , [7] ). For that, this study refers to a few researchers who have already taken recently this option in theirs works (see e.g [11] , [13] , [14] ). Moreover, instead of limiting the approach to unimodal L-R fuzzy numbers which are considered in this paper as the ones characterized by a single modal value, the study extends it to L-R fuzzy numbers characterized by several modal values, called flat fuzzy numbers in [3] and [4] or multimodal L-R fuzzy numbers in this work. The formulae from this extension perform better arithmetical operations on multimodal L-R fuzzy numbers such as trapezoidal fuzzy numbers and results will be obtained in terms of supports and modal values, the membership functions being often approximate. As in the case of unimodal L-R fuzzy numbers, the study shows that the sum and the difference of two multimodal L-R fuzzy numbers are also multimodal L-R fuzzy numbers. In the same context, it proves that the product and the quotient of two multimodal L-R fuzzy numbers do not be always L-R fuzzy numbers. For simplicity, the study is restricted to positive multimodal L-R fuzzy numbers which are frequent in many real-word applications. The rest of cases could be investigated similarly. The paper is planned as follows. Section 2 recalls briefly some preliminaries needed on multimodal L-R fuzzy arithmetic. Section 3 studies the arithmetic of positive multimodal L-R fuzzy numbers and proposes fast computation formulas. Section 4 presents a numerical example to show the validity of the investigation and Section 5 gives a conlusion. In these conditions, ηÃ(a) is called the grade or the membership degree of a, ∀ a ∈Ã.
Definition 2.2. (Hanss [7] ) LetÃ be a fuzzy subset in the universe E. The alpha-cutÃ α , the support supp(Ã), the height hgt(Ã) and the core core(Ã) ofÃ, are crisp sets defined respectively as follows ∀ α ∈ [0, 1]: [2] ) A fuzzy numberÃ is a fuzzy subset of 4 such as:
(ii)Ã α are all closed and bounded subintervals of 4;
For each x ∈ 4 such as ηÃ(x) = 1, x is said mean value, modal value or mode of the fuzzy numberÃ.
Definition 2.5. LetÃ be a fuzzy number whose the cardinality of the core is an integer n.Ã is said unimodal fuzzy number if n = 1, and multimodal fuzzy number if n ≥ 2.
Definition 2.6. (Zimmermann [16] ) A fuzzy numberÃ is said trapezoidal fuzzy number
Basing on the preceding definition, a trapezoidal fuzzy number is a multimodal fuzzy number. -If L and R in definition 2.10 are defined by L(x) = R(x) = max(0, 1 − x), then the multimodal L-R fuzzy number A is a trapezoidal fuzzy number notedÃ = (m − a, m, m ′ , m ′ + b) (see [1] ). Such an L-R fuzzy number is often used to facilitate the multimodal L-R fuzzy numbers illustration.
3 Arithmetic of multimodal L-R fuzzy numbers 3.1 Opposite of a multimodal L-R fuzzy number LetM = ⟨m, m ′ , a, b⟩ LR be a positive multimodal L-R fuzzy number. According to extension principle reduced to unary operations, the membership function of the opposite ofM defined by η ⊖M (x) = ηM(−x) (see [5] , p. 49) permits to deduct that the support and the core of
Thus, the left and the right spreads of ⊖M are respectively b and a. So, ⊖M is an L-R fuzzy number which can be written ) (see [5] , p. 49) permits to deduct that the support and the core ofÑ −1 are respectively
and 
. So,Ñ −1 is an approximate L-R fuzzy number which can be writteñ
3.3 Sum of positive multimodal L-R fuzzy numbers LetM = ⟨m, m ′ , a, b⟩ LR andÑ = ⟨n, n ′ , c, d⟩ LR be two positive multimodal L-R fuzzy numbers of the same type.
Using properties in subsubsection 2.3.1, the fact that the usual addition + is an increasing binary operation in 4 +
The curves form of ηM and ηÑ being the same than those usually used on unimodal L-R fuzzy numbers, we can use the same reasonning producted in [5] , p. 54 to show that the membership function of the sum noted ηM ⊕Ñ is defined by
Finally, refering to the definition 2.10, we get the L-R representation ofM ⊕Ñ as follows: To determineM ⊙Ñ, we must determine its membership function ηM ⊙Ñ . Refering to the graph of the membership function in Figure 1 
Eq. (3.19) is equivalent to the following equalities
Eq. (3.23) is a second-order equation in L −1 (t) whose resolution permits to get t for z ≤ m.n :
The same reasoning applied to Eq. (3.20) on the right parts determines t for z ≥ m ′ .n ′ :
Using Eq. (3.24) and (3.25), the membership function ofM ⊙Ñ is defined by 
M ⊙Ñ being an L-R fuzzy number whose the core and the support are known, the definition 2.10 allows to write its 
By the knowledge of the equality of two fuzzy numbers, Eq. (3.26) and (3.31) imply :
If L or R is strictely decreasing as in the trapezoidal fuzzy number defined above, L or R is injective. This property allows to deduce from Eq. (3.32) and (3.33) the two following equalities which are false.
the product of two multimodal L-R fuzzy numbers is not an L-R fuzzy number
The product being not an L-R fuzzy number, its good approximation is the one having the same mode and the same support with it, to obtain the fast computation formula, it needs to deduce the L-R representation of this approximation. Using definition 2.10, the core in Eq. Following this last formula, only the membership function ofM ⊙Ñ is approximate, but the core and the support are always exact.
Quotient of positive multimodal L-R fuzzy numbers
The results obtained on the product show that the quotient of two positive multimodal L-R fuzzy numbers of the same typeM = ⟨m, m ′ , a, b⟩ LR andÑ = ⟨n, n ′ , c, d⟩ LR does not be an L-R fuzzy number. Combining Eq. (3.13) and Eq. (3.34), the fast computation approximation formula of the quotient can be written as follows
Fast computations formulae for usual operations
IfM = ⟨m, m ′ , a, b⟩ LR andÑ = ⟨n, n ′ , c, d⟩ LR are two positive multimodal L-R fuzzy numbers, then the fast computation formulae in Eq. (3.15), (3.16), (3.34) and (3.35) will be used to perform basic arithmetical operations between them, that is :M
Problem
A project consists in electrifying a post office. The project expenses have been divided into five parts A, B, C, D, E. The net cost of each part amounts between two values λ and µ expressed in dollars (USD). To prevent all contingencies in the estimated cost of the project, the interval [λ , µ] is approximately widened to the interval [λ w , µ w ] such as λ w < λ and µ w > µ. The following table gives the net and the approximate cost interval for each part. According to the expert opinion in the field, the prime contractor of the project noted P is calculated from P = (B+D+E)−A C . How much amounts the prime contractor of the project ? 
Resolution using fast computations formulae
This problem is a simple computation of five ill-known quantities A, B, C, D and E. Following theirs descriptions, these quantities represent trapezoidal fuzzy numbers given by where L(x) = R(x) = max(0, 1 − x). Applying Eq. (3.15), (3.16) , (3.34) and (3.35) to the formula of P, we get : 
Results and discussion
The value obtained P ≈ ⟨170, 276, 31, 80⟩ LR means that the prime contractor is approximately a multimodal L-R fuzzy number whose the core is the closed real interval [170, 276] and whose the support is the open real interval ]139, 356[; that is, P is approximately equal to the trapezoidal fuzzy number P ≈ (139, 170, 276, 356) . In linguistic terms, the net prime contractor of the project amounts between 170 USD and 276 USD. With contingencies, it amounts between 139 USD and 356 USD. With these results, the approximate membership function of P noted η P is defined in Eq. (4.36) and its graph is depicted in figure 2 below 
Resolution by alpha-cuts and intervals arithmetic
To show the validity of our approach, let us prove that the same result could be obtained by the flexible alpha-cuts method introduced recently by [12] .
Indeed, the different α-cuts of A, B,C, D, E are respectively : 
where min f (α) and max f (α) are solutions of the two following parametric nonlinear programs :
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Finally,
This α-cuts of P means that the core and the support of P are respectively closed and open real intervals obtained for α = 1 and for α = 0. Thus, The membership function of P noted η P is defined in Eq. (4.37) and its graph is depicted in figure 3 below: Globally, the fuzzy numbers in figure 2 and figure 3 have the same support and the same mode; they are approximately the same in linguistic terms.
Conclusion
This paper introduces the study which has been rarely requested on fuzzy set theory literature; that is the application of L-R fuzzy arithmetic to real-word problems. The study shows that despite some drawbacks formulated on this arithmetic, this one plays an important role if all approximate calculations on it are widened to secant approximations. In this way, all fuzzy computation whose components are L-R fuzzy numbers produces an exact result as the one obtained by an other approach, excepted the membership function which is approximate and whose the graph is constituted of two curved lines secant to authentic graph. To achieve the main objective, the study develops for the first time the concept of secant approximation for a quotient, which has been never detailed in the previous works. As in the unimodal L-R fuzzy numbers case, the paper shows that the sum and the difference of two multimodal L-R fuzzy numbers are also multimodal L-R fuzzy numbers. On the contrary, it proves that the product and the quotient of two multimodal L-R fuzzy numbers do not be L-R fuzzy numbers. By means of fast computation formulae proposed in Section 3, the prime contractor of the project requested in Section 4 is rapidly and successfully computed. We are confident that by these formulae, many real-word problems needing fuzzy arithmetical computations can be solved approximately, and modal values and supports got in results will be always exact. Compared to fuzzy arithmetic based on extension principle, this one is more easy because it obviously offers some ways of implementations. In the future, we want to know if this approach can be generalized to all fuzzy numbers.
